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In [3] Golomb describes, for 1 < p < o, the H"*(R)-extremal extension
F, of a function f:E — R (i.e., the H"7-spline with knots in F) and studies the
cone Hyg of all such splines. We study the problem of determining when Fy is in
Wnr = Hrvr P If Fyx € W72, then Fy is called a W7 *-spline, and we denote by
Wik the cone of all such splines. If E is quasiuniform, then F, e W77 if and
only if {f(#,)}: cg € I”. The cone W £ with E quasiuniform is shown to be homeo-
morphic to IEN Similarly, H} £ is homeomorphic to A™?. Approximation properties
of the Wr?-splines are studied and error bounds in terms of the mesh size | E |
are calculated. Restricting ourselves to the case p = 2 and to quasiuniform
partitions E, the second integral relation is proved and better error bounds in
terms of | E | are derived.

1. INTRODUCTION

We denote by H"?(R) = H™?, 1 <p < o and r =1, 2,..., the set of
functions which have an absolutely continuous (r — 1)th derivative and
whose rth derivative is in LP(R) = L?. Let E be a set of real numbers and
/ a mapping of E into the set of reals, R. Golomb [3] gives necessary and
sufficient conditions for

mipmf | Drx [» (1.1)

Ty R
to exist. This problem can be separated into two. In the first place, one must
decide whether the set over which x ranges is nonvoid, and secondly, if it
is, it must be decided whether the resulting L? minimization problem has a
solution. Solutions to (1.1) are called extremal H"-P-extensions of f. If E is a
finite set consisting of more than r — 1 points, then f: £-— R has a unique
extremal H™?-extension F, which we call the H-?-spline interpolating f on
E. Golomb obtains necessary and sufficient conditions for (1.1) to exist in
terms of the H™?-splines.

* Most of the work for this paper was done at Purdue University, West Lafayette,
Indiana, as a Ph.D. thesis directed by M. Golomb. The author wishes to thank Professor
Golomb for his kind assistance. Part of this work was supported by N.S.F.
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THeOREM 1.1 (Golomb). Suppose {t,,t,...} is a dense subset of E,
e, ={t ,..., L}, and F, is the H™-spline that interpolates fone, . If - E-—> R
is continuous, then [ has an extremal H™V-extension if and only if the sequence

' 1D, || (1.2)
[ |
is bounded.

In this paper we will be interested in an extremal problem similar td

(I.1). Let Wn?» = H™? N L? so that Wr? is the usual Sobolev space of

real-valued functions. Since 1 < p <C o0, it is easy to see that W7 is dense
in H™? when H™? is supplied with the (uniformly rotund) norm

, T 1/p
1%l = (X 16E)2) 4+ 1 D7
i=1

W7 is a uniformly rotund Banach space when supplied with the norm

I xllwre = x|l + 1| D'x{1.. We call x, an extremal W7 P-extension of
[T E—~>Rif
min | Dx iv, (1.3)
XEW/T,]J uR
xip=f

is attained at x = x, . We will, from time to time, use the term W7 ?-spline
instead of “extremal W ?-extension.” Necessary and sufficient conditions
will be given for (1.3) to exist.

The set W72 of solutions to (1.3) is studied and various topological
properties are derived. In particular it is shown that if E is quasiuniform then
WE is homeomorphic to /?, closed, and nowhere dense in W™?. Approxima-
tion properties of the W7 ?-splines are discussed in both the L? and L= norms.
Interpolation space theory yields results in L7 for p << g < co. When spe-
cializing to the Hilbert space case we find that for quasiuniform meshes the
second integral relation holds and hence we can improve our error estimates
for smooth functions in the usual manner. Again, interpolation space theory
allows us to derive new error bounds for functions in the Besov spaces.

2. EXiSTENCE AND CHARACTERIZATION

In order to simplify the statements of theorems and proofs we will hence-
forth assume that all the functions f: £ — R have a continuous extension
to R. In particular this means that we may assume E is closed. We now
indicate the relationship between the W™? and HT-?-extremal extension
problem.
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LemMA 2.1. Suppose f: E— R. If F, is an extremal Wr-P-extension of f
then F, is an extremal H™-?-extension of f.

Proof. We set V;7 = {D"F: Fe Wr? and F |y = f}. Clearly V," is a flat
in L? and by hypothesis D'F, € V;" is the element of smallest L? norm in
V. It follows from [§, p. 18], that

f (| D'F, |»~Y sgn D'F,) D'G = 0 @.1)
R

for all G € W? which vanish on E. If we restrict our attention to functions
G which are infinitely differentiable with compact support we conclude (in
a completely analogous manner to that of [3, Theorem 4.2a]):

(i) | DFy|?lsgn D'F, e C"(R\E),
(i) D7(| D"F(£)|*~' sgn D'F,(t)) = 0, t € R\E,
(i) D'F,(t) = Ofort < inf Fand ¢t > sup E,
(iv) D¥( D"F, |~ sgn D'F,) exists and is continuous for

t € R\E’" where E’ is the set of limit points of £ and
k=0,1,.,r—2. (2.2)

In Section 5 of [3] it is shown that these conditions characterize all solutions
of the H™7?-extremal problem, the solution being unique if the cardinality
of E is greater than or equal to r. Thus, it follows that F, is a solution to
the H”P-extremal extension problem and this completes the proof.

It is easy to see that the H"-?-extremal extension problem has a solution if
and only if the set {x: x |z = f and x € H"-?} is not empty. The situation for
the W7-P-extremal extension problem is not so simple. The set {x: x |z = f
and x € W7} may well be nonempty and still (1.3) may have no solution. To
illustrate this fact we develop the following necessary condition for a solution
to (1.3).

CoroLLARY 2.1. Suppose F, is an extremal W -P-extension of f: E— R,
then
supp F C co(E), (2.3)

where co(E) denotes the convex hull of E.

This is an obvious consequence of (2.2 iii). In particular for finite point sets
E={t,.., t,yand f* E— R, if f(t;) = 0 for i = 1,..., n then there are many
Wrv-extensions of f but no W7?-extremal extension.

We now come to a W? analog of Theorem 1.1.

THEOREM 2.1. Suppose f- E— R, {t, , t5,...} is a dense subset of E, and
F, is the H"?-spline which interpolates f on e, = {t, ,..., t,}. Then f has an
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extremal W7rP-extension if and only if there exist intervals I, so that
@
1,ClL . ,Upal,= R and

sup (J; [F v = | DF, 7)< (2.4)

1Sn<e Y,

Proof. Suppose f has an extremal W7 ?-extension F, . Lemma 2.1 implies
that F is also an extremal H™?-extension of /. Theorem 1.1 then tells us that

sup ’ | DTF, ¥ < oo. (2.5)

1<n<ew ¢

Furthermore in [3, Theorem 2.2], we find that F, converges to F, in the
normed space H™?, Since convergence in H™? implies uniform convergence
on compact sets, there is an integer N, so that for alln > N,

k -
[ VR <2 [Fapr, k=01, (2.6)
—k “R
We may assume that the sequence {N,} is strictly increasing. If we set
= [—k, k], N, <<n <Ny, 2.7
we see that I, C I,., and \J,_, I, = R. Now (2.5) and (2.6) imply (2.4) with

the I, chosen as in (2.7).
Conversely, if (2.4) holds then we set

F(f) tEI,:[fxnﬂﬁnl

Z DHF (o) U )k. te(— o0, a,)
Golt) = {50 . (2.8)
S D P rep )

By (2.4), {G,} is a bounded sequence in H™?. Since H™? is reflexive, a subse-
quence, say {G, }, converges weakly to G, . Now Gy |; = f because point
evaluations are in (H™?)*, the continuous dual of H™?. Thus, G, is an
Hmrextension of f, and it follows that /" has an extremal H"P-extension
F, . As before, Theorem 2.2 of [3] implies that F,, converges locally uniformly
to F, . Consider the sequence {X; - F,};_, of L? functions. By (2.4) this
sequence is bounded in L? and hence a subsequence converges weakly to
(say) B, € L*. Since F, converges locally uniformly to F, we must have
B, =F, (ae.). Thus, F,e L? and since F, e H™? also, then F,e W"?,
Clearly, F, is the extremal W"-?P-extension of f and this completes the proof.
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3. SpECIAL CASES

In this section we consider extending functions f: £ — R to W"?, where
co(E)=Rand E={t;};2 ., t; <t fori=0, +1, +2,.... Particularly,
we will be interested in necessary and sufficient conditions for the extremal
Wrr-extension to exist. To this end we set

A, ={ge H?[0, 1]: g(0) = 1
and

Dr(| Drg()|*7t sgn D"g(t)) = 0 for t € [0, 1}}. (3.1

If F, is an H™?-spline with no knots in (0, 1) and F.(0) = 1, there is a
gx €A, ,s0that Fy [[p1) = g4 . We let

8EA; 5

1
Trs = il [lg (32)

Lemma 3.1. 5,,>0forl <p<wandr=1,2,...

Proof. We let P, be the set of polynomials of degree r — 1 or less.
Clearly, g € 4,,, if and only if

Q) &0 =00+ [ t fo fo | Pl -

“sgn(P(r,)) dr, -+ dry
(i) g0)=1,
(i) QeP,and PeP,. (3.3)

Now using the local compactness of P, and the continuous dependence of
gon Q and P, Q(0) = 1, the result quickly follows.

From Lemma 3.1 we obtain certain necessary conditions, in terms of the
interpolation conditions and the mesh, that a W7 P-spline exist.

COROLLARY 3.1. Let E={t;};2 ., t; <ty ,and let f map E into R. If
an extremal W7 -P-e¢xtension exists, then

eel

i X 1f@IPiL—tin] < o,

f=—20

(3.4)

o«

i) Y 1f@IP Ity — 1] < 0.

=0
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Proof. We let F, be the extremal W ?-extension of f. For each interval
(t;, t;;,) we have

t;

[P de = [ L Fueltin — 0] = 1)t — 1) dr

vty Y
;i MNr,» ‘ I‘w*(ti)lp(tiw‘vl - tZ) (35)

The last inequality follows from (2.2 ii) and the definition of 7, ,. Since
M,.p 1S positive by Lemma 3.1 and F, € L?, we may sum the end terms of
(3.5) over i to obtain

o0 = () | 1B

oc

= z NI LR P (3.6)
This implies (3.4 1) and (3.4 ii) follows in a similar manner.
Let us review the definition of the extremal W7 r-extension in order to
point out a sufficient condition for a solution to exist. We are given an
f: E— Rand if we set V;, = {x e Wm?: x | = f} then (1.3) becomes

inf | | Dx |2, 3.7

xeVy Jp

We define V" = {D"x: x € V;}, so that V; is a flat in L?, and the solution
F, to (3.7), if it exists, has an rth derivative which is the best approximant
to 8 (the zero element in L?) from V,7. Thus F, exists if

i@me (3.8)

XeVy

is attained. L? is uniformly rotund so that (3.8) has a (unique) solution if
V;~ is closed. Assuming that V7 is not empty, it is easy to see that V," is
closed if and only if V" = {D"x: x € W™? and x | = 0} is closed. It follows
that one way to prove the existence of extremal W7-?-extensions is to show
@ Vi o,
(i) V" is closed in L2 (3.9)
We now further specialize our partition E. The set £ = {z,};~_.. is called
quasiuniform if there are two strictly positive numbers 8, and §, so that

8 Lty — 1) <8, i=0, =1, 42,.. (3.10)

LemMma 3.2. If E = {t,;};2._. is quasiuniform, then V" is closed in L.
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Proof. Suppose {g,}n_y C V," and g, converges to g in L?. Since g, € V",
there are G, € W7 so that G, |; = 0 and D"G,, = g, . Clearly G, converges
in H™? to G where (due to the local uniform convergence)

(i) DG = g. (3.11)
Thus, all we need to show is that G is in L?. Let §; and §, be the constants
of quasiuniformity for E as in (3.10). Using Rolle’s theorem repeatedly one
can see that there are quasiuniform sequences {i;*};" ., k=20, 1,..,r — 1,
satisfying

) DkG(u-k) =0,j=0, 41, +2,..; k=0, L., r — 1,

(i) 3, ka—uk <3, j=0, £1, £2,.;

k=0,1,.,r—1. (3.12)
We define inductively a function similar to the greatest integer function [-]
by

() [r], = {u % u® <t <u

. (3.13)
() [t], = Wwrut <[, <ubyh k=1,..,r—
It is easy to see that
G(r) = f f () dry ey (3.14)
[t]y ¥ [¢], {1,
Finally, we note that G € L? because
£+1
[16r= % [, 161
@ ugﬂ t Tr—1 D
< , d SEEE d dt
izw L‘} (f[tlo J‘U]r;l | g(r)| dr. 7'1)
=5 f (f T fugﬂ | &) dr, ) di
R [u"]g ) '

< Y G — w0 (TL0 — W) @ — o),

{=—c0

A
Uit1

o, lem o lptlg=1. (3.15)
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Using (3.12) and (3.13) we note that
e 1
(”gﬂ - [uiO]k) < 82 (Z 31)
=1

~ 5 (ini) k=0 0r—1.  (3.16)

1t follows that
[jor=ky [ g

uo]r 1

o (ull_y48,((3"T1-3)/2)

<Kz':z,gcj[u‘}], 1 gl
<K (g_j EAER) | }i fu:iuaz«sm_a)n) .
ék(gi (3M*3)) f g ln. (3.17)

The constant ((8,/8,)((37*1 — 3)/2))? in the last inequality results from the
fact that we are integrating over possibly overlapping intervals. By (3.16)
we may take

K 52”7(3) (Ij 3 3 +22~ 3 ;)p( 3r+12_ 3 )p/q (3,18)

Since g € L? we have G € L? also. Therefore, V" is closed since { g,},_, was
an arbitrary Cauchy sequence. As a corollary we observe

CoOROLLARY 3.2. If EC R contains a quasiuniform sequence then V' is
closed.

From Corollary 3.2 we draw the following corollary.

CoROLLARY 3.3. Suppose f: E— R, with E containing a quasiuniform
sequence. Then [ has a W P-extension if and only if it has an extremal Wr»-
extension.

Proof. 1f f has a Wr7P-extension then Corollary 3.2 implies that (3.9)
holds, and, hence, f has an extremal W7 P-extension. The converse is clear.
We note that this corollary is in contradistinction to the case when F is
finite and there are many W7 P-gxtensions and possibly no extremal exten-
sions.
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We are now in a position to prove one of the main results of this paper.

THEOREM 3.1. Let E ={t;}7> ., t;y; > t;, be quasiuniform, 1 < p < o,
and f map E into R. There is an extremal W™ ?-extension of f if and only if
F e isin I,

Proof. If there is an extremal Wm?-extension, Corollary 3.1 implies

el

Y @ty — 1] < . (3.19)

{=—00

Since E is quasiuniform this means that { f(z,)};~_.. is in /*.

Conversely, suppose that {f(¢)};- . €l? and E is quasiuniform with
0 < <ty —1; <8;. Let ¢ be an infinitely differentiable real-valued
function whose support is contained in (—38,/4, §,/4), and set ¢(0) = 1. It

is then easy to verify that

i f() $(t — 1) e W2 (3.20)

i=—a

Since E is quasiuniform, Lemma 3.2 tells us that V" is closed. Thus, (3.9)
holds and the extremal W7 *-extension problem has a solution.

We obtain from Theorem 3.1 a corollary which yields insight into the
structure of W2,

COROLLARY 34. If Fe Wn? and E ={t;}; . is quasiuniform then
{D*F(t)}2 o el?fork=0,1,.,r— 1.

Proof. Since Fe Wn? and E is quasiuniform, Corollary 3.3 implies that
Flg has an extremal W7-?-extension. Theorem 3.1 then tells us that
{F(t))}; _o € I". Now D*Fe Wr—*? for k = 0,..., r — 1, and by applying the
same argument we get {D*F(t)}_. € l”.

In closing this section we would like to point out that Theorem 3.1 tells
us that we have an extremal extension (hence an extension) of a function
under certain circumstances if it is in /?. Similar results for H™?P-extensions
have been derived by Golomb [3], with the difference being that instead of
requiring f to be in /? one requires that the rth divided difference of f to be
in /7. Jerome and Schumaker [5] and Schoenberg [6] treat the problem of
determining whether a function x is in H™?. They get necessary and sufficient
conditions for x to be in H"? in terms of rth divided differences of x being
uniformly bounded in some weighted /? spaces.
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4, THE W7 7-SPLINE OPERATORS

Suppose £ C R; we define

(i) WLE={xe W"" xis the extremal W""-extension of x |z},
4.1

(i1) YE = {xe H"" x is the extremal H""-extension of x |g}.

We will feel free to drop the superscripts (r, p) when no ambiguity results.
The set WLE(HLE) is called the set of W7P-splines (H"-?-splines) with knots
in E. Throughout this section we retain the assumption that £ is closed.

The approximation map, 7g”, assigns to a Wr? function x the W~»-
spline, Tg7x, which is the extremal W7 r-extension of x |z (when such an
extension exists). Again we will drop the superscripts (r, p) when possible.
The approximation map, S, which maps H™? onto the set H, . is defined
in a similar manner.

If the cardinality of E is larger than or equal to r, then Sg* is well defined.
Conditions that make 7, well defined are stated in the following theorem.

THEOREM 4.1. The map Ty is well defined if and only if E contains a
quasiuniform sequence.

Proof. If E contains a quasiuniform sequence then Corollary 3.3 implies
that 7 is well defined.

If co(E) = R and E does not contain a quasiuniform sequence, then
without loss of generality we may assume that there are two sequences
{70, k = 1, 2, of real numbers satisfying

(i) o*eE, j=0,1,.;k=1,2,
(1i) (le < (ij, _] - 0, 1,...,
(i) En(yl, o= @,j=0,1,..,

(iv) (x? — o)~ o0 as j— 0.

(4.2)

There is a {y;} . € [? so that the sum Y, | y; [?(e;2 — ;') diverges. It is
easy to see, following the construction of (3.20), that there is a function
x € W7 so that x(«;?) = y, for j = 0, 1,... . Corollary 3.1 then implies that
x ¢ has no extremal W7?-extension, and, hence, T is not defined at x.
Finally, if co(£) £ R we may assume that inf(F) = 1, > — 0. Clearly
there is a y € WP so that y(¢,) == 0. Corollary 2.1 tells us that y can have no
extremal W7-P-extension. This completes the proof of Theorem 4.1.

THEOREM 4.2. If E contains a quasiuniform sequence the map Ty is
hemilinear, idempotent, continuous, and bounded.
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Proof. We set Vy={xe W"?: x| = 0}. Clearly V, is closed in W"?
and, by the assumption on E, V" is closed in L? (Corollary 3.2). The map

D Vy—> Vy 4.3)

is continuous, linear, and onto. By the open mapping theorem D7 |, has
a continuous inverse which we denote by D~". We set P, .= P to be the
(continuous) metric projection from L? onto V,". Thus we may write

Ty =1—DToPoDr (4.4)

where 7 is the identity map from W~™? to W7?. Theorem 4.2 follows by
examining the right side of (4.4).
For the map S; we have similarly the following theorem.

THEOREM 4.3. If E contains r or more points then Sg® is hemilinear,
idempotent, continuous, and bounded.

This is a strengthening of Theorem 6.2 of [3] where Golomb proves that
Sg is slightly continuous. Theorem 4.3 is a special case of a more general
result of Holmes [4].

We now assume that £ == {t;}2 __ is a quasiuniform partition with 0 <
8; < t;; — t; << 8, for all integers i. For any sequence y = {y,}i_, We
define

St E—>R by f(t) =y;. (4.5)

Let /7 denote the Banach space of doubly infinite sequences y which have
finite norm, ||y ll» = (s o | ys |?)1/?. Similarly, let A™? be the space of
sequences y for which the norm

S e te ) 4.6)

i=—00

I ')’Hhrm = (Z [ s P+
1=1

is finite. The notation f,(¢;,..., ¢;,,) means the rth divided difference of f,
on the point set {7, ,..., #;,,;. From (3.20) we see that there is a linear injection
Iy 1 I» — Wr? defined by I(y) = 3, _. f,(t:) $(t — t;). It is not hard to see
that I is continuous. We define a map, #;?, with domain /? by

tp? = Tg%o Ig. 4.7

The superscripts again may be dropped when no confusion arises.
THEOREM 4.4. The map tg is a homeomorphism which takes Cauchy
sequences into Cauchy sequences between I? with its norm topology and W g

with its relative W"? norm topology.

640/10/4-4
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Proof. The map t; is continuous because it is the composition of two
continuous maps.

In order to see that (#z)~! is continuous we first prove a result of indepen-
dent interest.

LemMA 4.1. The W™? norm | x[i;» + | D'x ;. is equivalent to the norm
cc‘ 7—1 1/p ‘
[l = (X 21D 41D @8)
{=—a0 k=0
where it is assumed that E = {t,;}7. _ is quasiuniform.
Proof. For any x € W"? we have

Z Xt; t,H)( ) (Z

C =

D! x(t)

X, = (t — 1)*

| t - Dx(r,) dr, -+ dry) \L

D A(h)

%‘\ i Xltets, ) (Z (¢t — t)’v)'g

f=—o0 L

»

Tr-1

Z Xt t,H)(l‘) [ ’t Dx(r,) dr, - dry ‘

f=—ct i P

=1 —1,. (4.9)

Using the facts that norms are equivalent on finite dimensional spaces and
E is quasiuniform, we find that there is a positive constant C depending
only on E so that

x r—1 ) 1/p
C(Y YD) (4.10)
i=—cw k=0
By an argument similar to that in (3.15) we see that
I, < 827 | D"x HLn . 4.11)
Therefore,
I+ CH+ N xlyrs = ClX - (4.12)

Convergence in | * |+, in particular implies convergence in H™? and further-
more that the limit is an A™? function which interpolates /* data on a quasi-
uniform partition. 1t follows that W™? is complete in | - |y, since x € H™P
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and {x(¢,)} . € I? imply that x € W2, This can be seen by subtracting any
W function y which interpolates x on E from x and noting that the proof
of Lemma 3.2 tells us that x — y € L?. We apply the open mapping theorem
to get a constant K so that | x |y, = K| X |lwr» . This completes the proof.
An immediate corollary follows.

COROLLARY 4.1.  The norm || - |iyr» is equivalent to
X [y = K@M + 11 DX | s

We now return to the proof of Theorem 4.4. Let x, € W, and X, con-
verge to x, € Wyg, the convergence being in the W? norm topology and
hence in | - {5 . Corollary 4.1 then implies that

(te)x%n) = {2t} > {x(1)}. (4.13)

Thus #x is a homeomorphism and clearly (¢£)~! takes Cauchy sequences into
Cauchy sequences, obviously so does ?;, and thus Theorem 4.4 is proved.

If the proof of Theorem 3.1 of [3] is examined one sees that there is a
continuous linear map L: h"? — H™? so that L(y)|z = f, . We define a map,
sz 7, analogous to #; by

SE? = Sy¥o L. (4.14)

THEOREM 4.5. The map sp” is a homeomorphism between h™? and HY .

Proof. By [3], Theorem 6.3, we know that (sz)~? is continuous. To prove
the forward continuity we note that sg is the composition of two continuous
maps. For other results on homeomorphic images of spline sets we refer the
reader to [4].

5. TayLor FIELDS
As in Section 4 we assume here that £ = {£,};2__, t;,,; > t;, is quasi-
uniform. Let p be a map from E into the set of integers {1,..., }. Suppose
for each 1;€ E we have defined numbers fy(7,),..., fu¢:)-1(f:). We list the
elements of E in order, repeated according to the multiplicity function wu,
starting at ¢, . Thus we obtain the doubly infinite sequence

TERT < TS TS (5.1)

where ty = 7o = 73 = T, )-1 < Tu() - On this new sequence we define a
real-valued function f by f(7,) = f;(t,), where =, =1, and m,_;, = ¢, but
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Tpi-1 = tiy . We call x, a Wn7-spline with knots of multiplicity u(r;) at
t; interpolating f if

min 5f | D7x 7 DRx(t) = (kD filt), 0= 0, 1, 42,

xewne |
k=0, 1., ult;) — 1( (5.2)

is attained at x == x, . Since W"? is complete in | - |45, it is easy to see
that (5.2) has a solution. Similarly, we define an H™?-spline with knots of
multiplicity u(#,) at ¢, interpolating f by replacing W”? in (5.2) by H"?. Set

WiE .. = set of solutions to (5.2) as f varies over all functions from

{r)% _. into R. (5.3)

The set AL , is defined analogously. Let y = {y;};- _. be a sequence of real
numbers. We define f, : {7;}72_. — R by f,(r;) = y, . Subsets of all sequences
y may be normed by

@K

O Iyl = (T 1507

=0

(5.4)
(i) nyuwf(zlf(f)w S i)

f=—c0

where the extended divided difference in (ii) is defined in the natural way
(see e.g. [3]). The set of sequences for which (i) is finite is called /* and the
set for which (ii) is finite is called A"™?. As before, we define the map 7%
which maps /? onto Wi, by assigning to y € /? the W7-?-spline with knots
of multiplicity wu(#;) at ¢, interpolating f, . Similarly we define sp% which
maps h™? onto H:F , by assigning to v € h7? the H"?-spline with knots of
multiplicity u(z;) at ¢; interpolating £, .

We now state two theorems without proof since the proofs are easy
generalizations of proofs in the previous sections. (For the W7 ? case take
special note of Lemma 4.1 and Corollary 4.1.)

THEOREM 5.1. The map tg" is a homeomorphism between I and W,
(both with the usual norm topology). Moreover, both tz}, and its inverse take
Cauchy sequences into Cauchy sequences.

THEOREM 5.2.  The map sgk is a homeomorphism between h™? and Hf , .

It is easy to see that both Wi  and HLf , are cones. In [3] Golomb proves
that HZ , is closed and nowhere dense in H"?
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THEOREM 5.3. Suppose E is quasiuniform. The cone Wiy , is closed and
nowhere dense in W,

Proof. W73 is closed since the homeomorphism (¢77)~ by Theorem 5.1
takes Cauchy sequences into Cauchy sequences. The proof of the nowhere
density is essentially the same as in [3], Theorem 6.1, and will be omitted.

6. APPROXIMATION BY W7-P-SPLINES

In this section E will be any set of real numbers so that co(F) = R and
| £, the maximum spacing between elements of £, is bounded. In particular,
this means that £ contains a quasiuniform sequence and hence Ty is well
defined. Given any x € W"? we want to measure

| D(x — T, J=0,1,.,7, (6.1)
in terms of | £ | and || x ||zr,» . We state the fundamental lemma.

LemMa 6.1. Suppose x € W™? and x | = 0. Then there is a constant K",
depending only on r and p, so that

Xl < KTTETIDX . (6.2)

Proof. Let x and E be as above. In a process similar to that of (3.12) we

o«

can find sequences {u,*}-_ ., k =0, 1,..., r — 1, satisfying

() Dix(u®) =0, j=0,4+1,+2,.; k=01...r—1,

. (6.3)
() |E|<uf, —ut <3[E,  j—=0,£1, 42,
k=201,.,r—1.
We write
t Tr—1
x(1) = Dx(r,)dr, - d 6.4
) hoﬁwlﬂﬂr ™ (6.4)

and taking into account (3.15)-(3.18) we obtain

ote <1 (T 2N E D o, 69

k=0

= K| EI" || Dx i

This is (6.2). Using this lemma we can now prove the following theorem.
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THEOREM 6.1.  There are constants K", depending only on r, p, and j so
that for every xe Wrt and j = 0, 1...., ¥

| D(x — TE"),, < K, E "7 Dx Lo
LK ET X e (6.6)

Proof. For j==0,1,..,r — 1 we note, using Rolle’s theorem, that there
is a quasiuniform sequence E; satisfying | E, <\ (j+ )| E! and
Ditx — TpPx)(t) =0 for teE;. Since Di(x — TpPx)e Wrir for j =
0, 1,..., r — 1, we may apply Lemma 6.1 with r replaced by r — j obtaining

1D — T << K™ £ "7 D'(x — TE™)lL
<K+ )T ETT D - T (6.1)
From representation (4.4) we observe that
1 D(x — TE™)ll = || Po D'x [ < 2] D'xlln, (6.8)

since metric projections are always bounded by twice the norm of their
argument. Thus, setting K,” = 2K™(j + 1) for j=0,1,..,r— 1 and
K,7 =2, (6.7) and (6.8) yield the first half of (6.6) and the second half is
clear.

The derivation of L*-error bounds is even easier.

LEmMMA 6.2. Suppose x€ W™ and x|, = 0. Then there is a constant
K7, depending only on r and p, so that

(Xl < KT EV DX,  j=01.,r—1 (6.9)

Proof. There are sequences {#,*}>_, , k = 0, 1,..., r — 1, satisfying (6.3)
for x. Furthermore, by representation (6.4) and Haolders inequality we obtain

0= (Tﬁo = [t]k)) (= [t (f[t] | Dx(r )l dTT)l/p

A tho

< | E [ (’ﬁz ( 3k+224 3 ))( 3'r+12— 3 )1/(1 | Dox e

k=0

< K| E|"YP [ Drx i, . (6.10)

The last inequality in(6.10) is independent of 7 so that by taking the supremum
of the end terms in (6.10) yields (6.9).
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THEOREM 6.2. There are constants K;7, depending on r, p, and j only, so
that for every x € WP we have

| Dx — TE?x)l,o < K7L E|"™7Y2 | D'x ||

< KT ETYP Xy, J=0,1,r — L
(6.11)
The course of the proof of Theorem (6.2) is essentially the same as that

of Theorem (6.1) and can safely be omitted. We also obtain the following
corollary.

CoROLLARY 6.1. There are constants K;", depending only on r, p, and j,
so that for every xe H"?and j =0, 1,...,r — 1,

I D(x — S|, < K7V E77V || Dx ||, . (6.12)

Let us now consider the Hilbert space (W#7-?) case in greater detail. We
assume that £ = {#;}2 ., t,.; > t;, i1s quasiuniform. From the characteriza-
tion (2.2) of the Wn2splines we find that for x € W2, Tg2x is piecewise
polynomial of degree 2r — | and Tg?%(x) e C¥~*R). These are familiar
properties of splines. If we were working on a finite interval I we would
conclude that the spline is in W2 —12(I). In this direction we have the fol-
lowing lemma.

LeMMA 6.3. If E is quasiuniform and x € W2 then Ty%x ¢ W2r-1.2,

Proof. We write

2r—1 .D t
Tpx = Z XIt, t,ﬂ)(t)(z X(

I=—x

)(t~t)) (6.13)

Ti%x is in L2 so by using the quasiuniformity and the equivalence of norms
on finite-dimensional spaces we obtain
o 2r-1
ITEx e = C (Y ¥ 1 Dix(e) ) ., C>0. (6.14)

i=—cw j=0

In particular {D¥1x(¢; -2 _, € [2, and it follows that T5%x € W2 1.2 since
it possesses the required continuity conditions. We are now in a position to
prove the second integral relation.

LemmA 6.4. If E is quasiuniform then for all x € W?** we have

jR (D'(x — TE%))® = fR (— 1) (D¥x)(x — TE). (6.15)
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Proof. The proof of this result follows the standard integration by
parts argument. We calculate (£ = {#,};_ ., t,.q > 1;)
A1

o A’ ‘ ©
f (D — TE) = Jim [ {D'(x — T
R N

N>% Jy

— i {[” 0@ - T

r—1
+ Z Z (__I)J D7"+]'(x _ T;;‘2X)
[EIN j=0
k#N

DN (x — T ‘5:1;

l

(=1 [ (D9 — T™)
R
. r-2 N i
-+ IIVIEIL}O Z:O (_1)1 D'r‘a(x _ TZ’Zx)

s DTN — TER) Y, (6.16)

In order to reach the last equality we have used the fact that x and Tg2x
are in C?>%R) and that (x — T;%x)|z = 0. Since (x — Tpx) € W12
Corollary (3.4) implies {Di(x — TE*x)(t )} el for j=0,1,.., 2r — 2.
Thus the limit in the last term of (6.16) tends to zero as N — oo. This yields
(6.15) which is also known as the second integral relation. Once the second
integral relation is proved, it is well known (see [7]) that better error estimates
can be derived for smooth functions.

THEOREM 6.3. Suppose E is quasiuniform; then there are constants M;"
and N, depending only on j and r, so that for all x € W22

(i) 1 D(x — T < M1 EP7 | D¥x | 10

< MJ'T | E 127—1‘ H X szr‘z 5 j — 0,..., r,
(6.17)
(i) | Dx — T™)0 < N7 | E 77121 D¥x ||

SNSIEP T2 xlpars, J=0, 1,7 — 1.

Proof. 'We will just sketch the proof since the ideas are not new. Applying
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the Cauchy-Schwarz inequality to the right side of (6.15) and then using
estimate (6.7) with j = 0 yields

| D'(x — T < || D¥x |l K" E|"|| D"(x — T*0)ll,2.  (6.18)
Dividing both sides by || D"(x — Tx%x)|,= and again using (6.7) we get
| D(x — TE™) 2 < |E|"7K™7G + 7| D'(x — TE™)|,
< M7 EP | D¥x|),.. (6.19)

The second half of (6.17(i)) is clear and (6.17(ii)) follows in a similar manner.

7. INTERPOLATION SPACE RESULTS

Butzer and Berens [2] describe methods of obtaining intermediate Banach
spaces given two Banach spaces X; and X, . Using the K-method for gener-
ating intermediate Banach spaces (X; , Xp)g., (0 < 6 < 1,1 < ¢ << o0 and/or
0 < 0 <1, g = o0) permits us to state [2, p. 180].

THEOREM 7.1. Let X;, Y,;, i =1, 2, be Banach spaces and T be a linear
mapping from Xy + X, into Y1+ Yy so that Ty 1 X;— Y, i=1,2.1If
H TIX1” - Ml ’ l = ]’ 2’ then

() T: (X1, X2)s.q > (Y1, Yoog>

i@ I Tloe=sup | Txllr,vpe, < M7 "My, (7.1)

1zl\m1](X1,X2,9’q

We have developed error bounds for W™ ?-spline approximation in both
the L? and L= norms. In the last two sections we obtained bounds for W72
and W?2 functions. Theorem 7.1 will then yield more error bounds in
intermediate spaces. We note that (L?, L®),, is equal to L? when l/g =
(1 — 0)/p with equivalent norms, see [2] Theorem 3.3.6, and that
(X, X)5.0 = X.

THEOREM 7.2. There are constants C; depending only on 1 <p < g <
and j =0, 1,..., r — 1 so0 that for every x € W? we have

” Di(x . Tg,px)”Lq < Cj I E irvj+(1/(1—l/1)) “ x ”Wr,p . (72)

Proof. We set X;=X,=W"?, Y, =1L? and Y, = L®. Suppose
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fe (W"*, the continuous dual of W7 with norm 1. The map T;“ defined
on Wr? by

Tp(x) = {D'(xg — TE"xg)} * f(x) (7.3)
is linear, continuous, and by (6.6} and (6.11) satisfies

(i) sup I T < KT TE 10X lygr s

1=llxll yrre 2
(ll) 1 [‘Slﬁp H Ti-o(x)‘\Loo f\\: K]*’ ‘ E 17'—1—1/1’ H x() ‘iwr.p 3 (74)
=lallyr.e

for j=20,1,..., r — 1. Thus, T;U fulfills the requirements of Theorem 7.1,
and since

(r—pA =0+ —j—1pb==(r—j)—08p=1(0—7+/g—1lp)

we obtain (7.2).

The W72-spline operator T,? is linear so that we may apply Theorem 7.1
directly. The development here closely follows that of Varga [9]. It is known
that (Wr2, W), = B3 ¢ = (1 - @)r. The spaces Bg'? are called Besov
spaces [1]. Furthermore, if o is an integer and ¢ = 2 then By'? = W°2, The
maps x> Di(x — T%x), j= 0, 1,..,r — 1, take W2 and W22 linearly
into both L2 and L= with the bounds (6.6), (6.11), and (6.17). Theorem 7.1
yields the following theorem.

THEOREM 7.3. If xe By% o = r(1 + 0), and g = 2/(1 — 0) then

H Dj(x - T;’zx)HLq < Mj l E WJTUO?L/ZH X HBg"’ 9 ] = Oa 13“'7 r-=1 (75)

Finally, setting ¢ = 2 and keeping the range space L? we obtain the
following theorem.

THEOREM 7.4. If n is an integer between r and 2r and x € W2, then for
j=0,1,.., r we have

D — TE20)e << MLE 7 [ xlipme . (7.6)

The proofs of both these theorems follow immediately from Theorem 7.1
and the error bounds previously derived.
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